ABSTRACT. We prove the exactness of a descent sequence relating the algebraic cobordism groups of a scheme and its envelopes. Analogous sequences for Chow groups and K-theory were previously proved by Gillet.
INTRODUCTION
We work in the category Sch k of separated finite type schemes over a field k of characteristic zero. Recall that a proper morphism of schemes π :X → X is an envelope if for every subvariety V ⊂ X, there exists a subvarietyṼ ⊂X, such that π mapsṼ birationally onto V.
Gillet in [4] proved that if π :X → X is an envelope, with π projective, then the following sequence is exact: Here A * is either the Chow theory or the K-theory of coherent sheaves, p i :X × XX →X are the two projections and p i * , π * are the push-forward maps in either theory. The goal of this article is to prove the exactness of the analogous sequence in the cobordism theory Ω * defined by Levine and Morel [10] . This theorem has several applications. We mention here two of them. The first application is in the relationship between algebraic cobordism Ω * (X) and algebraic K-theory G 0 (X) (the Grothendieck group of the category of coherent sheaves on X). Levine and Morel in [10] constructed a natural morphism
and proved it to be an isomorphism for smooth X. Dai in [2] extended this isomorphism to all schemes X that can be embedded in a smooth scheme; this includes all quasiprojective schemes X. In [6] we build on Dai's work to prove this isomorphism for all schemes X in This research was funded by NSERC Discovery and Accelerator grants. 1 Sch k . Since every scheme X admits a quasiprojective envelope, Theorem 1.1 implies that the cobordism theory Ω * as a functor on Sch k is determined by its restriction to the full subcategory of quasiprojective schemes. A similar statement for G 0 proved by Gillet [4] then reduces the problem to the case proved by Dai.
The second application of Theorem 1.1 is in the study of operational bivariant theories of Fulton and MacPherson [3] . Kimura in [8] used the exact sequence (1.1) to give an inductive method for finding the operational Chow groups of singular varieties from the Chow groups of smooth varieties. His proof can be generalized to algebraic cobordism and other homology theories. In [5] we study the operational bivariant theories associated to certain homology theories that have the exact descent sequence. As a special case, we describe the operational equivariant cobordism theory of toric varieties. This result is based on previous work by Payne [12] and Krishna and Uma [9] .
AN OVERVIEW OF ALGEBRAIC COBORDISM THEORY
Algebraic cobordism theory was defined by Levine and Morel in [10] . Later, Levine and Pandharipande [11] found a simpler presentation of the cobordism groups. We will use the construction of Levine-Pandharipande as the definition, but refer to Levine-Morel for its properties.
Let Sm k be the full subcategory of Sch k whose objects are smooth quasiprojective schemes over Spec k. By a smooth morphism we always mean a smooth and quasiprojective morphism.
For X in Sch k , let M(X) be the set of isomorphism classes of projective morphisms f : Y → X for Y ∈ Sm k . This set is a monoid under disjoint union of the domains; let M + (X) be its group completion. The elements of M + (X) are called cycles. The class of
A double point degeneration is a morphism π :
Let X ∈ Sch k and let Y ∈ Sm k have pure dimension. Let p 1 , p 2 be the two projections of X × P 1 . A double point relation is defined by a projective morphism π :
be the cycles obtained by composing with p 1 . The double point relation is
Let R(X) be the subgroup of M + (X) generated by all the double point relations. The cobordism group of X is defined to be
The group M + (X) is graded so that [f : Y → X] lies in degree dim Y when Y has pure dimension. Since double point relations are homogeneous, this grading gives a grading on Ω * (X). We write Ω n (X) for the degree n part of Ω * (X).
There is a functorial push-forward homomorphism f * : Ω * (X) → Ω * (Z) for f : X → Z projective, and a functorial pull-back homomorphism g * : Ω * (Z) → Ω * +d (X) for g : X → Z a smooth morphism of relative dimension d. These homomorphisms are both defined on the cycle level. Levine and Morel also construct pull-backs along l.c.i. morphisms and, more generally, refined l.c.i. pullbacks. We will not need these pullbacks below.
The cobordism theory has exterior products
defined on the cycle level:
These exterior products turn Ω * (Spec k) into a graded ring and Ω * (X) into a graded module over Ω * (Spec k). When X is in Sm k , we denote by 1 X the class [id X : X → X].
First Chern Class Operators.
Algebraic cobordism is endowed with first Chern class operatorsc 1 (L) : Ω * (X) → Ω * −1 (X), associated to any line bundle L on X. This operator is also denoted byc 1 (L), where L is the invertible sheaf of sections of L. We recall some properties of these operators that are needed below.
A formal group law on a commutative ring R is a power series
where a i,j ∈ R satisfy a i,j = a j,i and some additional relations coming from property (c).
We think of F R as giving a formal addition
There exists a unique power series χ(u) ∈ R u such that
Composing F R and χ, we can form linear combinations
for n i ∈ Z and u i variables.
There exists a universal formal group law F L , and its coefficient ring L is called the Lazard ring. This ring can be constructed as the quotient of the polynomial ring Z[A i,j ] i,j>0 by the relations imposed by the three axioms above. The images of the variables A i,j in the quotient ring are the coefficients a i,j of the formal group law F L . The ring L is graded, with A i,j having degree i + j − 1. The power series F L (u, v) is then homogeneous of degree −1 if u and v both have degree −1.
It is shown in [10] that the graded group Ω * (Spec k) is isomorphic to L. The formal group law on L describes the first Chern class operators of tensor products of line bundles (property (FGL) below).
We list three properties satisfied by the first Chern class operatorsc 1 
In the terminology of [10, 11] the three properties imply that Ω * is an oriented BorelMoore functor of geometric type.
The first Chern class operators of two line bundles commute:
, and they are compatible with smooth (l.c.i.) pull-backs, projective push-forwards and exterior products. The property (Sect) above implies that if L is a trivial line bundle on X, then the first Chern class operator of L is zero.
Divisor Classes.
Recall that a divisor D on a smooth scheme Y ∈ Sch k has strict normal crossings (s.n.c.) if at every point p ∈ Y there exists a system of regular parameters y 1 , . . . , y n , such that D is defined by the equation y 
We decompose this power series as 
Applying the property (Sect) repeatedly, we get
Compatibility of first Chern class operators with pull-backs of line bundles then gives the desired divisor class formula pushed forward to Y.
We note that in the definition of divisor classes it is not necessary to assume that D i are irreducible. We may let them be smooth but possibly reducible divisors and then the same formula holds. 
Lemma 2.1. With notation as above, let
Proof. It is shown in the proof of [11, Lemma 9] that
with a ij the coefficients in the formal group law of L. To computec 1 (O D (B+C)), we apply the formal group law again:
Now substituting this into the expression of
, the remaining terms give the class −β.
PROOF OF THE MAIN THEOREM
We will now prove Theorem 1.1. Let us start with some notation. Recall that
where M + (X) is the group of cycles and R(X) is the subgroup of relations, generated by double point relations. We identify Ω * (Spec k) with the Lazard ring L.
Composition with π gives the push-forward map π * :
There are natural maps of L-modules that factor π * as
The map φ is surjective by (3.1). We claim that ψ is also surjective. For every subvariety Y ⊂ X, choose a resolution of singularities given by a projective birational morphism
as an L-module [10] . We can choose the resolutions so thatỸ → X factor through π :X → X, hence these classes lie in π * M + (X).
The following is the main ingredient for proving Theorem 1.1.
Proof of Theorem 1.1. Let us assume Proposition 3.1 and prove Theorem 1.1. Clearly the sequence is a complex by functoriality of push-forward. Moreover, π * = ψ • φ is surjective. We only need to prove exactness in the middle: Ker π * ⊂ Img(p 1 * − p 2 * ). By Proposition 3.1, Ker π * = Ker φ, which by (3.1) is the image of K π in Ω * (X). Now K π is generated by cycles [f :
where π • f = π • g. These generators lift to cycles
To prove Proposition 3.1, we follow the argument in [10, Chapter 6] showing that
Here Ω * (X) D is the group defined by cycles and relations transverse to a divisor D. The proof has two steps:
is the canonical homomorphism. (2) Show that d maps R(X) to zero, hence it descends to d : Ω * (X) → Ω * (X) π , providing a left inverse to ψ and proving that ψ is injective.
3.1. Elimination of Indeterminacies. We will need to eliminate the indeterminacies of rational maps Y X . We use the following well-known theorem. We will apply Theorem 3.2 in the following situation. Proof. LetỸ be the component of Y × X Z that dominates Y. Since Z → φ(Y) is projective and birational, the projection f :Ỹ → Y is also projective and birational. Moreover, f is an isomorphism over U. We may now apply Theorem 3.2.
The following result can be viewed as an embedded elimination of indeterminacies. Let us now perform the same sequence of blowups on W (blow up W along the same centers lying in D i and in the strict transforms of D i ), to get g :W → W. ThenD i is isomorphic to the strict transform of D i inW. Such blowups introduce new components to the divisor g * (D). However, we claim that all these new exceptional components have image in X of smaller dimension than the image of D i . Indeed, by the choice of U, the centers of blowups lie over the closed set φ(D i ) V ⊂ X, and so do the exceptional divisors. Thus, by induction on the dimension of the image in X, we can resolve the indeterminacies of all components of (the pull-back of) D. 
Corollary 3.4. Let W be a smooth variety, D, E be effective divisors on W such that D + E has s.n.c., and φ : W → X be a proper morphism. Then there exists a birational morphism g :W → W, obtained by a sequence of blowups of smooth centers that lie over |D| and intersect the pull-back of D + E together with the exceptional locus normally, such that for every component
D i of the pull-backD = g * (D), the compositionD i →W → W → X factors throughX → X. Proof. Let D i be a component of D. Let D ′ be the divisor D ′ = (D + E − qD i )| D i ,
Consider the class [D → |D|]
∈ Ω * (|D|). Note that any map Z → |D| from an irreducible variety Z has image in a componentD i ofD. SinceD i → X factors through X → X, the composition Z →D i → X also factors. Similarly, an irreducible double point degeneration in |D|, when pushed forward to X, factors throughX. It follows that the push-forward map
Note that a distinguished lifting depends on the choice of the blowupW → W, but not on the liftingsD i →X ofD i → X.
Product of Divisor Classes.
Let D and E be effective divisors on a scheme W ∈ Sm k , such that D + E has s.n.c. We define the class
with the property that, when pushed forward to W, it becomes equal tõ
. . , r} is such that n j = 0 and p i = 0 for some i, j ∈ J, let i J :
Here the sum runs over pairs of nonempty subsets I, J ⊂ {1, . . . , r}, such that n j = 0 and p i = 0 for all j ∈ J and i ∈ I. As in the case of divisor classes, it is enough to assume that the divisors D i are smooth but not necessarily irreducible.
We claim that [D • E → |D| ∩ |E|], when pushed forward to |D|, becomes equal tõ c 1 
. To see this, we applyc 1 (O W (E)| |D| ) (which we shorten toc 1 
(O(E)))
Now putting the formulas back together and using the compatibility of the first Chern class operators with pull-backs proves the claim.
Note that the above definition is symmetric in E and D,
This implies that, when pushed forward to |D| ∪ |E|, the classesc 1 
When D is a smooth divisor that does not have common components with E, then E ′ = E| |D| is an s.n.c. divisor on |D| and one has that
To prove this, let D = D 1 , E = i>1 p i D i , and let the sum in the definition run over nonempty subsets J ⊂ {1} and I ⊂ {2, . . . , r}. Since F 1,0,...,0 J = 1 for J = {1}, the sum simplifies to the expression defining the divisor class [E ′ → |E ′ |].
Double Cobordisms. Let W be a scheme in Sm
where F i are the components of D + E lying over (0, 0) ∈ P 1 × P 1 and D i , E i are the other components of D and E. We may assume that α i , β i > 0. 
become equal when pushed forward to |E|.
Proof. Pushed forward to |E|, the class
where a j,l ∈ L are the coefficients of the formal group law. The first term in the sum
It suffices to prove that the second term vanishes, because in that case the third term also vanishes.
Since β i > 0 for all i, the inclusion maps factor:
and then the push-forward maps also factor. 
Then the two distinguished liftings are equal in
Proof. We may assume that the birational mapW 1 W 2 is a morphism. (Otherwise find a third varietyW 3 that maps to both of them.) It suffices to prove that the class
Since the morphismW 1 →W 2 is proper and both varieties are quasi-projective, the morphism is projective. By the weak factorization theorem [13, 1] , we can factor the birational morphismW 1 →W 2 into a sequence of blowups and blowdowns along smooth centers. Moreover, the factorization can be chosen so that if Z i+1 → Z i is one blowup of C ⊂ Z i in this factorization, then the birational map g i : Z i W 2 is a projective mor-
is an s.n.c. divisor on Z i , the center C lies in the support of the divisor g * i (D 2 ) and intersects it normally. We may thus assume thatW 1 →W 2 is the blowup ofW 2 along a smooth center C ⊂W 2 that lies in the support ofD 2 and intersects it normally.
where F is the exceptional divisor of the blowup, lying over (0, 0) ∈ P 1 × P 1 , and D ′ ∼ =W 1 . Since D ′ is smooth, having no common component with E, and E| D ′ =D 1 , we get 
is the canonical projection. 
where P A∩B = P(O A∩B (A) ⊕ O A∩B ). Since R(X) is generated by the double point relations, it suffices to prove that
We blow up V along smooth centers lying over W × {0} that intersect the pull-back of W 0 × P 1 + W ∞ × P 1 + W × {0} normally. Let the result beṼ, such that the map from the inverse image of W × {0} to X lifts toX on every irreducible component. Let
is smooth and has no component in common with E, it follows that [D
′ ∪B ′ of two smooth divisors, the blowups of A ×P 1 and B×P 1 . The intersection of these divisors is a blowup of (A ∩ B) × P 1 . We claim that when pushed
we may take the sum over nonempty subsets J ⊂ {1, 2} and I ⊂ {3, . . . , r}. We divide the formula into three pieces corresponding to J = {1}, J = {2}, J = {1, 2}:
Here we used that In the remainder of the proof we show that the third sum in Equation (3.2) gives the distinguished lifting of −[P A∩B → X]. This is sufficient to finish the proof. Indeed, when pushed forward to |E|, by Lemma 3.5 the classes [D Consider the morphism P A ′ ∩B ′ → A ′ ∩ B ′ → P 1 . The projective bundles P A ′ ∩B ′ and P A∩B × P 1 are isomorphic over P 1 {0}. Moreover, the induced birational map P A ′ ∩B ′ → P A∩B × P 1 satisfies the conditions of Remark 3.7, hence P A ′ ∩B ′ can be used to define the distinguished lifting of [P A∩B → X]. This distinguished lifting (with minus sign) is obtained by substituting (3.3) into the third sum of Equation Now it suffices to prove that the sum of the terms in Equation (3.2) involving β I vanishes when pushed forward to |E|. Then it also vanishes in Ω * (X) π .
We claim that there exists a class α ∈ Ω * (|E|), such that for each I, the class β I pushed forward to |E| is equal to for some α ′ ∈ Ω * (|E|), which is independent of I. Now set α = i,j≥0,l>0
Then clearly this α satisfies the required property.
The sum of terms in Equation (3.2) involving β I , when pushed forward to |E|, becomes equal to F p 3 ,...,pr (O |E| (D 3 ) , . . . , O |E| (D r ))(α) =c 1 (O |E| (E))(α).
Since O |E| (E) is trivial, this class vanishes.
